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Abstract
We consider vector induced lattice gauge theories, in particular we
consider the QED induced and we show that at negative temperature
corresponds to the dimer problem while at positive temperature it
describes a gas of branched polymers with loops. We argue that these
models are critical at Dcr = 6 for N 6=∞ and they are not critical for
N =∞.
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In this letter we would like to show how it is possible to induce a lattice
gauge theory with group SU(N) starting from a lattice gauge theory for
SU(N) coupled to vector in the fundamental irrep. Differently from ([1, 2]),
we would like also to consider the relationship among these models, the dimer
problem, branched polymers with loops and ”induced QCD” ( [3]).
We start examining the easiest example, the QED induced, at negative
temperature. To this purpose let us consider the following action defined on
a lattice G1:
Z
(−)
U(1) =
∫ ∏
links
dUij
∫ ∏
l∈G
dǫl dǫ¯l exp

−µ∑
i
ǫ¯iǫi +K
∑
i,j
AijUij ǫ¯iǫj

 (1)
where Aij is the adjacency matrix of the lattice G, ǫ¯i = (ǫi)∗ are complex
grassman variables and Uij = e
iθij = U †ji are elements of U(1). This action
can be regarded as a lattice gauge theory for U(1) with infinite coupling
constant g =∞ coupled to a scalar ghost and because of that it describes a
non unitary theory. The hamiltonian can be rewritten as
H
(−)
U(1) =
∑
ij
ǫ¯i(µδij −K AijUij)ǫj (2)
and it can be easily verified to be hermitian. We want to demonstrate that the
partition function (1) is the generating function for the the dimer problem,
more explicitly:
Z
(−)
U(1) = (−µ)N
∑
D
N(D) (−K
2
µ2
)D (3)
where D is the number of dimers and N(D) is the number of possible con-
figurations with D dimers (N is the number of lattice sites).
To prove this assertion we consider the high temperature expansion (HTE)
of the partition function (1); to this purpose we give the following graphical
picture to the ”interaction terms”:
✲♣ ♣i j =⇒ K ǫ¯i Uij ǫj
✛♣ ♣i j =⇒ −K ǫi U †ij ǫ¯j
1 We use i, j, . . . to indicate sites (vertices) of the lattice; A,B, . . . to indicate rows and
colons of group elements U ; α, β, . . . to indicate the generation of the replica .
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Now if a term of the HTE gives a non vanishing contribution to the
partition function Z, it must have an equal number of U and U † on each link,
but this number is limited (in this peculiar case) to 2 since we have grassman
variables sitting in the vertices. Hence the fundamental unit (dimer) of our
expansion is:
Kǫ¯iUijǫj · Kǫ¯jU †ijǫi = −K2ǫ¯iǫi ǫ¯jǫi (4)
which can be given a graphical picture as follows:
✛✲r r
i j ≡ ✛✲♣ ♣i j =⇒ −K2 ǫ¯iǫi ǫ¯jǫi
Moreover we cannot put two dimers on the lattice sharing a vertex because
(ǫ¯iǫi)
2 = 0, hence we get that the HTE yields just the dimer recovering
problem. Now we consider the corresponding induced QED. We find easily
that
−HQED = N log(µ)−
∑
oriented Γ
1
l(Γ)
(
K
µ
)l(Γ)
UΓ
= N log(µ)− 2∑
Γ
1
l(Γ)
(
K
µ
)l(Γ)
Re(UΓ) (5)
where Γ is a generic closed random walk and UΓ is the product of the
group element along the oriented path. Obviously only the non backtrack-
ing Γ will give a non trivial result since U(1) is an abelian group. Moreover
the theory is at negative temperature reflecting the non unitarity of the ini-
tial model, nevertheless this model describes the dimer covering problem with
negative weight that is known ([4]) to be equivalent to the Lee-Yang edge
singularity and hence it is critical at Dcr = 6. We want to stress that the
same result could have been reached with the abelian ZZ2 group, i.e. with
Uij = ±1 in (1). These results show that the induced ZZ2 model and the
induced QED are equivalent each other but they are not equivalent to the
usual models at the criticality. As last observation we want to notice that
in the QED case setting µ = 0 we get the close packing dimer problem that
it is known to be equivalent to Ising and hence in this case the theory has
Dcr = 4 ( [5]).
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In a complete similar way we introduce the induced QED at positive
temperature. It is given by the partition function
ZU(1) =
∫ ∏
links
dUij
∫ ∏
l∈G
dφl dφ
⋆
l e
−µ
∑
i
φ⋆
i
φi+K
∑
i,j
AijUijφ
⋆
i
φj (6)
where φi are complex scalar defined on the vertices of G. Its HTE yields
Z = (w0)
N
∑
gas of BP
N˜(B, {Vf}) (K2)B
f=q∏
f=1
(
wf
w0
)Vf (7)
where the sum is extended over a gas of branched polymers with B bonds,
Vf f–branching units and N˜(B, {Vf}) is the weighted sum of the number of
such configurations. Explicitly N˜(B, {Vf}) is given by
N˜(B, {Vf}) =
∑
Γ with B bonds
and Vf f units
∏
bond b∈Γ
(
1
nb!
)2 (8)
where nb is the occupation number of the bond b belonging to a gas Γ of
branched polymers with loops (i.e. Γ can be made of many disconnected
pieces). Besides the statistical weights of the f–branching units are given by:
wf =
πf !
µf+1
(9)
The formula (7) can be demonstrated as in the previous case of ghosts: also
in this case a non vanishing contribution to HTE has on each link an equal
number of U and U †, in such a way that a bond of a branched polymer (a
monomer) is composed by one U and one U † bond, exactly as shown by the
following figure
✛✲r ✈
(φφ⋆)4
✛✲ r
❄
✻
❄
✻
✈
≡ ✛✲r r
w4
✛✲ r
❄
✻
r
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In this way each monomer, i.e. polymer link, yields a φφ⋆ contribution
to each of its endpoints, so that a f–branching vertex contributes as
wf =
∫
dφdφ⋆ exp(−µφφ⋆)(φφ⋆)f = πf !
µf+1
(10)
Moreover each link occupied n times yields a factor ( 1
n!
)2 instead of 1
n!
because
its compositeness.
It is now useful to make a number of comments. Firstly we notice that
the this induced QED is also critical at Dcr = 6. This is easily demonstrated
as (see also (17)):
ZU(1) ∝
∫ ∏
links
dUij det(µδij−K AijUij)−1 = lim
n→ −1
∫ ∏
links
dUij (det(µδij −K AijUij))n
= lim
n→ −1
∫ ∏
links
dUij
∫ ∏
l∈G
dǫlα dǫ¯lα e
∑n
α=1
(
−µ
∑
i
ǫ¯iαǫiα+K
∑
i,j
AijUij ǫ¯iαǫjα
)
(11)
and relying on the fact that the critical dimension is independent of the
number of components of the order parameter.
Secondly the difference between branched polymers with loops and random
walks is both in the silhouette of the terms of the HTE ( due to the appear-
ance of odd branching vertices) and in the weights used for N˜ ( 1
nb!
for RW,
( 1
nb!
)2 for BP).
Now we would like also to consider the more general case of the SU(N)
or U(N) induced by the the following partition function:
ZSU(N) =
∫ ∏
links
dUij
∫ ∏
l∈G
dφlA dφ
⋆
lA e
−µN
∑
i
φ⋆
iA
φiA+NK
∑
i,j
AijUij,ABφ
⋆
iA
φjB
(12)
where φi ≡ (φiA) = (φi1 . . . φiN) are complex scalars in the fundamental irrep
of SU(N) defined on every vertex i ∈ G. The HTE of these models yield
graphs with the same silhouettes of the U(1) case but with different weights.
To get these weights we integrate over the gauge variables firstly, to this
purpose we use the fact that
fSU(N)(M,M
†) = eN gSU(N)(M,M
†) =
∫
SU(N)
dUij exp(N tr(M
†U + U †M))
4
is a function of tr(MM †)p and of detM (in the case of SU(N)) and that
in our case Mij = φi ⊗ φ†j to deduce that tr(MM †)pij = (φ†φ)pi (φ†φ)pj and
detM = 0, so that2
fSU(N)(φi⊗φ†j , φj⊗φ†i ) = eN gSU(N)(φ
†
i
φi×φ
†
j
φj) =
∑
p
cp(N) (φ
†φ)pi (φ
†φ)pj (13)
Hence we can rewrite (12) as
ZSU(N) =
∫ ∏
l∈G
dφlA dφ
⋆
lA e
−Nµ
∑
i
φ
†
i
φi
∏
links ij
(∑
p
cp(N) K
2p(φ†φ)pi (φ
†φ)pj
)
(14)
Similarly to the U(1) case we associate to each polymer link a factor φ†φ
for each of its endpoints, so that now the weight for a f-branching vertex
becomes
wf =
∫ ∏
A
dφAdφ
⋆
A exp(−µNφ†φ)(φ†φ)f =
πN(N + f)!
N !(µN)N+f+1
(15)
meanwhile the occupation weights can be deduced from (13) and yield for
N˜(B, {Vf}) the expansion
N˜(B, {Vf}) =
∑
Γ with B bonds
and Vf f units
∏
bond b∈Γ
cnb(N) (16)
where in particular we have cn(1) = (
1
n!
)2.
It is important to notice that also these models are critical at Dcr = 6
because they are in the same universality class of branched polymers with
loops and both odd and even vertices. In order to show this point also from
a more mathematical point of view, we change coordinates in (14) and we
introduce expϕi = φ
†
iφi (ϕ ∈]−∞,+∞[) along with the radial coordinates,
so that (14) becomes
ZSU(N) = const
∫ ∏
l∈G
dϕl exp

N∑
i
(ϕi − µeϕi) +N
∑
<ij>
gSU(N)(e
ϕi+ϕj )


(17)
2It is easy to show that using the normalization vol(U(N)) = vol(SU(N)) we have
fU(N)(φi, φj) = fSU(N)(φi, φj). Moreover this implies that using N > 1 scalars we cannot
induce U(N) but only SU(N).
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If now we expand the action, we shift ϕ as the shifted ϕ has null expectation
value and we throw away the irrelevant term we recover a ϕ3 action that is
critical at Dcr = 6. Obviously this is not a rigorous proof since we should
check that the irrelevant operators are really irrelevant at the fixed point
([6]), nevertheless up to now this approach did not fail to get the upper
critical dimension.
Extending the known result valid for ordinary lattice gauge theories for
which both SU(N) and SU(N)/ZZN have the same upper critical dimension,
here we would deduce that both the vector induced lattice gauge theories
and the adjoint induced theories (”induced QCD”) at finite N share the
same upper critical dimension Dcr = 6, nevertheless this seems not to be
true in this case since the induced QCD seems to be critical at Dcr = 4 ([7]).
Now we would solve exactly this model in the large N limit. To this
purpose we compute exactly (13) in the large N limit. Using the observation
that fSU(N) depends only on x = φ
†
iφi · φ†jφj we get easily the equation
x
N
d2g
dx2
+ (
dg
dx
)2 +
dg
dx
= 1 (18)
that can be solved easily ([8]) as:
g(x) =
√
1 + 4x− 1− log(1 +√1 + 4x) + log2 (19)
Plugging this solution into (14) and changing coordinates from φiA , φ
⋆
iA to
Ri = φ
†
iφi and angular coordinates, we get
ZSU(N) = const
∫ ∞
0
∏
i∈G
dRi e
N
[∑
i(1−
1
N ) log(Ri)−µRi+
∑
<ij>
√
1+4K2RiRj−log(1+
√
1+4K2RiRj)
]
(20)
Now we can use the usual saddle point method. If we look for a translational
invariant solution we get
K R =
− µ
K
(D − 1) +
√
( µ
K
)2 − 4(2D − 1)
( µ
K
)2 − 4D2 for
µ
K
> 2D and D ≥ 0
K R =
2D − 1
4D(D − 1) for D > 1 (21)
6
while in the range D < µ
J
< 2D the saddle point is unstable. The explicit
form of the free energy density is then (V is the volume of the lattice)
FSU(∞) =
logZSU(N)
NV = log(KR)−
µ
J
R+D
√
1 + 4K2R2−D log(1+
√
1 + 4K2R2)−log(K)
(22)
that does not show any transition. It can be shown that F ferSU(∞) = −FbosSU(∞).
In conclusion we show that the N = ∞ theories (both bosonic and
fermionic) are ”trivial” since they have no critical dimension and can be
solved exactly by the saddle point; on the contrary the theories at N 6= ∞
are critical so the role of coupling constant is played by 1
N
but the N = ∞
theory is not able to catch all the features of the N 6= ∞ theories, exactly
as the gaussian approximation has not all the characteristics of φ4 theory.
Perhaps the same conclusion can be reached for the SU(N) induced by up
to N − 1 scalars since in this range we are in the strong coupling regime of
Brezin-Gross formula ([8]), nevertheless a different regime should show up
starting at N scalars (or fermions) since it appears both the strong and weak
coupling regime ([2]).
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